The (2, 1)-total labelling number T 2 (G) of a graph G is the width of the smallest range of integers that suffices to label the vertices and the edges of G such that no two adjacent vertices have the same label, no two adjacent edges have the same label and the difference between the labels of a vertex and its incident edges is at least 2. In this paper we prove that if G is an outerplanar graph with maximum degree (G), then T 2
Introduction
All graphs considered in this paper are finite simple graphs. For a graph G, we use V (G), E(G), (G) and (G) to denote its vertex set, edge set, maximum degree and minimum degree, respectively.
Motivated by the Frequency Channel Assignment problem, Griggs and Yeh [7] first introduced the L(2, 1)-labelling of graphs. This notion was subsequently extended to a general form, named as L(p, q)-labelling of graphs. Let p and q be two nonnegative integers. An L(p, q)-labelling of a graph G is a function f from its vertex set V (G) to the set {0, 1, . . . , k} for some positive integer k such that |f (x)−f (y)| p if x and y are adjacent, and |f (x)−f (y)| q if x and y are at distance 2 
. The L(p, q)-labelling number (G; p, q) of G is the smallest k such that G has an L(p, q)-labelling f with max{f (v) | v ∈ V (G)} = k.
The L(p, q)-labelling, in particular L(2, 1)-labelling, of graphs have been studied rather extensively in recent years [4, 3, 6, 12, 15, 17, 21, 18] .
Whittlesey et al. [23] investigated the L(2, 1)-labelling of incidence graphs. The incidence graph of a graph G is the graph obtained from G by replaced each edge by a path of length 2. The L(2, 1)-labelling of the incidence graph of G is equivalent to an assignment of integers to each element of V (G) ∪ E(G) such that adjacent vertices have different labels, adjacent edges have different labels, and incident vertex and edge have the difference of labels by at least 2. This labelling is called (2, 1)-total labelling of graphs, which was introduced by Havet and Yu [8, 9] (G) , is the least integer k such that G has a k-(d, 1)-total labelling. When d = 1, the (1, 1)-total labelling is the well-known total coloring of graphs. This direction has been intensively studied [2, 11, 14, 19] .
It was conjectured in [8] that T d (G) (G)+2d −1 for every graph G, which extends the well-known Total Coloring Conjecture in which d =1. It was also shown in [8] that
In [9] , it was proved that
for some kind of special graphs have been studied, e.g., complete graphs [8] , complete bipartite graphs for d = 2 [13] , planar graphs [1] , trees for d = 2 [20] , graphs with a given maximum average degree [16] , etc. More recently, a more general generalization of total coloring of graphs, so called [r, s, t]-coloring, was defined and investigated in [10] .
Let G be a plane graph. Let d G (x) (or simply d(x)) denote the degree of a vertex or a face x. A vertex (or face) of degree k is called a k-vertex (or a k-face). A triangle is synonymous with a 3-face. We say that two faces of G are intersecting if they share at least one common boundary vertex. For a face g ∈ F (G), we use b(g) to denote the boundary walk of g and write
A planar graph is called outerplanar if it has a plane embedding such that all vertices lie on the boundary of some face. An outerplane graph G is a particular fixed embedding of an outerplanar graph. We choose one face of G that contains all vertices to be named the outer face of G, and we call the other faces inner faces. The edges belonging to the boundary of the outer face are called outer edges and other edges inner edges. An inner face g of G is called an endface if b(g) contains exactly one inner edge, i.e., b(g) contains exactly two vertices of degree 3 or more. When the vertex corresponding to the outer face is deleted, the dual graph of G is a tree of order at least 2. Thus, there exist at least two leaves which determine two endfaces of G.
Case (G) 5
A function L is called an assignment for a graph G if it assigns a list L(x) of possible labels to each element 
we label x 1 with k and x 1 x 2 with a label from L( Proof. Without loss of generality, we may assume that |L(x 1 )|=|L(x 2 )|=3 and |L(
, we first label x 1 with a or e. Then, we define similarly L (x 1 x 2 ) and L (x 2 ) to make that |L (x 1 x 2 )| 3 and |L (x 2 )| 2. An L -(2, 1)-total labelling can be established analogously. Hence, we assume L(x 1 ) = {b, c, d}. Due to the similar discussion, we may suppose that L(x 2 ) = {b, c, d}. We label x 1 with b, x 2 with c and x 1 x 2 with e. The proof of the lemma is complete.
Let (G) and (G) denote the chromatic number and the chromatic index of a graph G, respectively. The following result is an easy observation, which was first mentioned in [9] . 
Theorem 3. For any graph G,
We recall that every outerplanar graph G is 2-degenerate and hence (G) 3. Moreover, it was proved in [5] that every simple outerplanar graph G has (G) (G) (G) + 1, and (G) = (G) + 1 if and only if G is an odd cycle.
Theorem 4. If G is an outerplanar graph, then
Proof. It is easy to show that the result holds for the case (G) 2. If (G) 3, we have that
Lemma 5 (Wang and Zhang [22] ). Every outerplane graph G with (G) = 2 contains one of the following configurations (see Fig. 1 ):
Note that the configuration (C3) in Lemma 5 contains two intersecting triangles. Thus, the following is an immediate consequence of Lemma 5.
Corollary 6. Let G be an outerplane graph with (G) = 2 and without intersecting triangles. Then G contains one of the following configurations:
(C1) two adjacent 2-vertices u and v; (C2) a 3-face [uv 1 v 2 ] with d(u) = 2 and d(v 1 ) = 3.
Theorem 7. If G is an outerplane graph with
Proof. The proof is proceeded by induction on the number 
By Lemma 2, u, v and uv can be L-(2, 1)-totally labelled. Therefore, f is extended to the whole graph G.
(C2) Let z be the neighbor of v 1 different from u and v 2 . Let H = G − uv 1 . By the induction hypothesis or Theorem 4, H has a (2, 1)-total labelling f using the label set B = {0, 1, . . . , (G) + 2}. We delete the label of u and then define the lists of available labels for u and uv 1 as follows:
Since (G) 5 and |B| = (G) + 3 8, we have
By Lemma 1, u and uv 1 can be L-(2, 1)-totally labelled. Consequently, f is extended to the whole graph G.
(C3) Let H = G − xu 1 . By the induction hypothesis or Theorem 4, H has a (2, 1)-total labelling f using B = {0, 1, . . . , (G) + 2}. We erase the label of u 1 and define the lists of available labels for u 1 and xu 1 as follows:
Similarly, we can conclude that
We interchange the labels of xv 1 and u 1 v 1 . Afterward, we define a new list L of available labels for u 1 and xu 1 :
, that is L (u 1 ) = {n − 1, n, n + 1}. In view of the above argument, {u 1 , xu 1 } admits an L -(2, 1)-total labelling. Consequently, f is extended to the whole graph G. The proof of the theorem is complete.
Given a graph G, the lower bound that Let G denote the subgraph induced by all -vertices of a graph G. Lemma 9 shows that if (G )
Lemma 10. Let G be a graph with
Proof. Suppose to the contrary that
Since G is not a bipartite graph, there is an odd cycle C = u 1 u 2 · · · u n u 1 in G . Note that C is also an odd cycle of G and all u i 's are of degree (G) in G. By Lemma 8, the sequences of vertices u 1 , u 2 , . . . , u n are labelled alternately by 0 and (G) + 1. Since n is odd, there are two adjacent vertices u i and u i+1 assigned the same label, which contradicts the definition of f. Thus,
Theorem 7 asserts that every outerplanar graph G with (G) 5 has
Using Lemmas 8 and 10, we can construct infinitely many outerplanar graphs G such that
It was shown in [20] that if a tree T with (T ) 4 does not contain two adjacent -vertices then 
Case (G) = 3

It is unknown if every outerplanar graph G with (G) = 3 has
However, this is true for 2-connected situation. To show this, we need the following obvious fact: Lemma 11. Every 2-connected outerplane graph G with (G) = 3 has even 3-vertices. In order to construct a (2, 1)-total labelling f of G using the label set {0, 1, . . . , 5}, we carry out the following steps:
Theorem 12. If G is a 2-connected outerplane graph G with (G) = 3, then
Step 1: Label alternately the sequence of 3-vertices x 0 , x 1 , . . . , x m with repeated uses of labels 0 and 1. We need to show that the labelling given in Step 1 is feasible. Namely, no adjacent 3-vertices are labelled the same label. Suppose to the contrary that there exist two adjacent 3-vertices x i and x j , with j > i, assigned to the same label 0 or 1. Since G contains even 3-vertices by Lemma 11, x i and x j cannot be consecutive in b(g out ). It follows that x i x j is an inner edge of G. Let H denote the subgraph of G induced by V (P i ) ∪ V (P i+1 ) ∪ · · · ∪ V (P j −1 ). Note that x i , x j ∈ V (H ). On the one hand, it is easy to inspect that H has odd 3-vertices by its construction. On the other hand, since H is also a 2-connected outerplane graph with maximum degree 3, it contains even 3-vertices by Lemma 11. A contradiction is established.
Step 2: Label 2-vertices. For each i =0, 1, . . . , m, we do the following. Let P i =x i y 1 y 2 · · · y p x i+1 . Then, f (x i ) = f (x i+1 ) by Step 1. Without loss of generality, we suppose that f (x i ) = 0 and f (x i+1 ) = 1. If p 2 is even, we label alternately the sequence of 2-vertices y 1 , y 2 , . . . , y p with repeated uses of labels 1 and 0. If p 1 is odd, we first label y 1 with 2 and then label alternately the sequence of 2-vertices y 2 , y 3 , . . . , y p with repeated uses of labels 1 and 0.
Step 3: Label all inner edges with the same label 3.
Step 4 If p 2 is even, we assign 3 to y 1 y 2 and then label alternately all remaining outer edges with 4 and 5.
Assume that p 1 is odd. If p 3, we assign 3 to y 2 y 3 and then label alternately all remaining outer edges with 4 and 5. If p = 1, i.e., g = [x k y 1 x k+1 ] is a 3-face, let z k denote the neighbor of x k different from x k+1 and y 1 , and z k+1 the neighbor of x k+1 different from x k and y 1 . We label or relabel y 1 and x k x k+1 with 5, x k y 1 with 2, x k+1 y 1 with 3, and x k z k and x k+1 z k+1 with 4. Afterward, we label alternately all remaining outer edges with 5 and 4.
It is easy to confirm that the above procedure provides a (2, 1)-total labelling of G using {0, 1, . . . , 5}. Therefore,
The proof of the theorem is complete.
Case (G) = 4
This section is devoted to study the (2, 1)-total labelling of some special outerplane graphs with maximum degree 4. 
Theorem 13. If G is an outerplane graph with (G) = 4 and without intersecting triangles, then
T 2 (G) 6.
Proof. The proof is proceeded by induction on the number |V (G)| + |E(G)|. The theorem holds clearly if |V (G)| + |E(G)| 5. Let G be a connected outerplane graph with (G) = 4 and |V (G)| + |E(G)|
Since |B| = 7, we derive that |L(u)| 3, |L(v)| 3 and |L(uv)| 5. By Lemma 2, u, v and uv can be L-(2, 1)-totally labelled.
(C2) Without loss of generality, we assume that d(v 2 ) = 4. Let z denote the neighbor of v 1 different from u and v 2 . Let y 1 and y 2 denote the neighbors of v 2 different from u and v 1 . Let H = G − uv 1 . It is easy to observe that H is an outerplane graph with (H ) 4 and without intersecting triangles. By the induction hypothesis or Theorem 4, H has a (2, 1)-total labelling f using B = {0, 1, . . . , 6}. We erase the label of u and assume
The lists of available labels for u and uv 1 are defined as follows:
It follows from |B| = 7 that |L(uv 1 )| 1 and |L(u)| 2. If there are p * ∈ L(uv 1 ) and q * ∈ L(u) such that |p * − q * | 2, we label uv 1 with p * and u with q * . Thus, suppose that such p * and q * do not exist. This implies that |L(u)| 3 by a simple observation and |L(uv 1 )| 2 by Lemma 1. All labels c, d, e, a − 1, a, a + 1 are mutually 
In view of the symmetry of labels in B, we consider the following cases: . In this case, there is no label in B which can be assigned to the edge uv 2 , also a contradiction.
Let Q n denote the graph obtained by adding n chords u 1 u 2 , u 2 u 3 , . . . , u n−1 u n , u n u 1 to a 2n-cycle u 1 w 1 u 2 w 2 · · · u n w w u 1 . Then Q n is an outerplane graph with (Q n ) = 4. Proof. The proof is divided into two cases, depending on the parity of n. We assume that all indices are taken modulo n in the following.
Case 1: n 4 is even. We first construct a (2, 1)-total labelling f of Q n with the label set B = {0, 1, . . . , 5}. The sequences of edges u 1 u 2 , u 2 u 3 , u 3 u 4 , . . . , u n−1 u n , u n u 1 are alternately labelled with repeated uses of the sequences of labels 2, 3. The sequences of edges u 1 w 1 , w 1 u 2 , u 2 w 2 , w 2 u 3 , . . . , w n u 1 are alternately labelled with repeated uses of the sequences of labels 4, 0, 1, 5.
